Abstract Analytical period-m motions and bifurcation trees in a periodically forced, van der Pol-Duffing oscillator are obtained through the Fourier series, and the corresponding stability and bifurcation of such period-m motions are discussed. To verify the approximate, analytical solutions of period-m motions on the bifurcation trees, numerical simulations are carried out, and the numerical results are compared with analytical solutions. The harmonic amplitude distributions are presented to show the significance of harmonic terms in the finite Fourier series of the analytical periodic solutions. The bifurcation trees of period-m motion to chaos via period-doubling are individually embedded in the quasiperiodic and chaotic motions without period-doubling.
cubic nonlinear stiffness term exists, the van der Pol oscillator becomes a van der Pol-Duffing oscillator, and the corresponding dynamical behaviors will be of great interest. In this paper, nonlinear dynamical behaviors in the van der PolDuffing oscillator will be investigated in order to help one understand nonlinear dynamics in neurodynamics of brains. This investigation will use the generalized harmonic balance method with finite Fourier series to find complex periodic motions in such an oscillator.
For periodic motions, one should go beck to the 18 th century. In 1788, Lagrange employed the idea of averaging as a computational technique to discuss periodic motion of the three body problem as a perturbation to the two body problem [2] . In 1899, Poincare [3] systematically developed a perturbation theory to determine periodic motions of celestial bodies. In 1920, van der Pol [4] used the method of averaging for periodic motions of self-excited systems in circuits (also see [5] ). In 1928, Fatou [6] provided the first proof of asymptotic validity of the method of averaging through the existence of solutions of differential equations. In 1935, Krylov and Bogolyubov [7] systematically presented the method of averaging and the detailed discussion can be found in Bogoliubov and Mitropolsky [8] . Thus, one extensively used the averaging method to determine periodic solutions in nonlinear differential equations. In 1945, Cartwright and Littlewood [9] discussed the periodic motion of the van der Pol equation and proved the existence of periodic motion. In 1964, Hayashi [10] discussed averaging methods and the principle of harmonic balance, and the Mathieu equation was used to determine the stability of periodic solutions. In 1973, Nayfeh [11] systematically presented the perturbation theory and multi-scale methods, and Nayfeh and Mook [12] applied such perturbation methods for approximate solutions of periodic motions in nonlinear structural vibrations. In 1974, Cap [13] used Jacobian matrix to extend an averaging method for the perturbation effects of a pendulum oscillator. In 1987, Rand and Armbruster [14] employed the perturbation method to discuss stability and bifurcation of periodic solutions. In 1990, Copolla and Rand [15] used elliptic functions in the averaging method to investigate strongly nonlinear oscillators with harmonic excitation. Xu and Cheung [16] used an averaging technique based on generalized harmonic functions. In 1998, Buonomo [17, 18] showed the procedure for periodic solutions of van der Pol oscillator in power series. In 2012, Kovacic and Mickens [19] applied the generalized Krylov-Bogoliubov method to the van der Pol oscillator with small nonlinearity for limit cycles.
In 2012, Luo [20] developed a generalized harmonic balance method to get the approximate analytical solutions of periodic motions and chaos in nonlinear dynamical systems. This method used the finite Fourier series to express periodic motions and the coefficients are time-varying. With averaging of the harrmonic phase angles, a dynamical system of coefficients are obtained from which the steady-state solution are achieved and the corresponding stability and bifurcation are completed. Luo and Huang [21] applied the generalized harmonic balance method to the Duffing oscillator for analytical periodic motions, and the analytical bifurcation trees of periodic motions to chaos are obtained (also see, Luo and Huang [22, 23] ). In 2013, Luo and Laken [1] used the generalized harmonic balance method to the van der Pol oscillator for analytical period-m motions.
In this paper, period-m motions and bifurcation trees in a periodically forced, van der Pol-Duffing oscillator will be investigated analytically through the finite Fourier series. The stability and bifurcation analysis of the approximate solutions in the ven der Pol-Duffing oscillator will be discussed from the dynamics of time-varying coefficients in the finite Fourier series solution. Numerical illustrations for period-m motions in the van der Pol-Duffing oscillator will be completed to illustrate approximate periodic solutions.
Analytical solutions
Consider a periodically forced, van der Pol-Duffing oscillator
where α j ( j = 1, 2, 3, 4) are constant parameters. A periodic forcing with excitation amplitude Q 0 and frequency is applied to this system. The standard form of Eq. (1) is
where f (ẋ, x, t) =ẋ(−α 1 + α 2 x 2 ) + α 3 x + α 4 x 3 − Q 0 cos t
Let θ = t. In Luo [20] , consider the analytical solution of period-m motion as 
Then the first and second order derivatives of x * (t) arė
Substitution of Eqs. (4)- (6) into Eq. (2) and averaging all terms of cos(kθ/m) and sin(kθ/m) gives
The coefficients of constant, cos(kθ/m) and sin(kθ/m) for the function of f (x,ẋ, t) can be obtained in the form of
where
and 
The nonlinear term for cosine terms is
and
The nonlinear term for sine term is
with 
Define
Equation (7) becomeṡ
Thus, Eq (23) becomeṡ
The steady-state solutions for periodic motion can be obtained by settingẏ (m) = 0, i.e.,
The (2N + 1) nonlinear equations in Eq. (28) are solved by the Newton-Raphson method. In Luo [20] , the linearized
The corresponding eigenvalues are determined by
for k = 1, 2, . . . N . The corresponding components are
For the constant term, we have
with for r = 0, 1, . . . , 2N
For the cosine term of nonlinear functions, we have
For the sine term of nonlinear function, we have
with for r = 0, 1, . . . , 2N .
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The matrix is
for N = 1, 2, . . . ∞, with
for r = 0, 1, . . . , 2N .
with h (1)
Excitation Frequency, Ω 
From Luo [20] , the eigenvalues of
The corresponding boundary between the stable and unstable solution is given by the saddle-node bifurcation and Hopf bifurcation.
Analytical bifurcation trees
The harmonic amplitude varying with excitation frequency is used for illustrations of analytical bifurcation trees. The corresponding solution in Eq. (3) can be re-written as
where the harmonic amplitude and phase are defined by
The system parameters are
Through the aforesaid parameters, the independent bifurcation trees of symmetric and asymmetric periodic motions to chaos can be observed and there are quasi-periodic or chaotic motions in a gap between two bifurcation trees. In addition to bifurcation trees, independent periodic motions also exist in the periodically forced, van der Pol-Duffing oscillator, and such periodic motions are bounded between two saddle node bifurcations, which are embedded in quasi-periodic motion or chaotic motion. Solid and dashed curves represent stable and unstable periodic solutions, respectively. The frequency-amplitude curves for an independent period-4 motion within the range of ∈ (11.2263, 11.4966) with Q 0 = 50.0 are presented in Fig. 1(i) 1, 2, 3, 4, 28) . In Fig. 1(i) , the constant term a (m) 0 is presented for m = 4. There are two sets of period-4 motions in the left and right sides of the y-axis. For the two sets of periodic motions, the other harmonic amplitudes are same, as shown in Fig. 1(ii)-(vi) . However, the harmonic phase are different (i.e., motion becomes unstable, and the stable period-16 motion will appear. The Hopf bifurcations of stable period-8 motion occur at ≈ 5.032, 5.445. Continuously, the bifurcation tree of period-2 motion to chaos can be achieved. In Fig.  2(i) , the constant term a (m) 0 is presented for m = 2, 4, 8. There are two sets of period-m motions in the left and right sides of the y-axis. For the two sets of period-m motions, the other harmonic amplitudes are same, as shown in Fig.  2(ii)-(xii) . However, the harmonic phase are different (i.e., Fig. 2 (ii), the harmonic amplitude of A 1/8 < 0.06 for period-8 motion is presented and A 1/8 = 0 for period-2 and period-4 motions. In Fig.  2(iii) , the harmonic amplitude A 1/4 < 0.15 is presented for period-4 and period-8 motions. The harmonic amplitude of A 3/8 < 0.08 similar to A 1/8 for period-8 motion only is presented in Fig. 2(iv) . In Fig. 2(v) , the harmonic amplitude of A 1/2 ∈ (0.65, 2.05) for period-m motions (m = 2, 4, 8) is presented. The harmonic amplitudes of A 5/8 < 0.15 and A 7/8 < 0.03 for period-8 motion are presented in Fig. 2(vi) and (viii), respectively. Both of the two harmonics have similar frequency-amplitude curves. In Fig. 2(vii) , the harmonic amplitude of A 3/4 < 0.45 is presented. The traditional primary harmonic amplitude of A 1 ∈ (0.6, 1.2)is presented in Fig. 2(ix) for period-m motions (m = 2, 4, 8) . To avoid abundant illustrations, the harmonic amplitudes of A 2 ∈ (0.01, 0.07) and A 3 ∈ (0.003, 0.012) are presented in Fig. 2(x) and (xi) for period-m motions (m = 2, 4, 8) . Finally, the harmonic amplitude of A 7 < 1.5 × 10 −5 is presented in Fig. 2(xii) . Similarly, the other higher-order harmonic amplitudes can be computed and illustrated.
An independent bifurcation tree of period-5 to chaos for ∈ (4.58729, 5.3648) with Q 0 = 20.0 is illustrated through period-5 to period-10 motion. The constant term a (m) 0 and harmonic amplitudes A k/10 (k = 1, 2, . . . , 10, 70) is presented in Fig. 3(i)-(xii For the two sets of periodic motions, the other harmonic amplitudes are same, as shown in Fig. 3 (ii)-(xii). However, the harmonic phase are different (i.e., ϕ L k/m = ϕ R k/m + π, m = 5, 10). In Fig. 3(ii) , the harmonic amplitude A 1/10 < 0.15 is for period-10 motion only. The saddle-node and Hopf bifurcation are clearly observed for period-10 motion. In Fig. 3(iii) , the harmonic amplitude A 1/5 ∈ (0.1, 0.6) is for symmetric and asymmetric period-5 motions and period-10 motion. In Fig. 3(iv) , the harmonic amplitude A 3/10 < 0.16 also is for period-10 motion only. In Fig. 3(v) , the harmonic amplitude A 2/5 < 0.3 is for asymmetric period-5 motions and period-10 motion. For symmetric period-5 motion, we have A 2/5 = 0. Similarly, the harmonic amplitudes A 5/10 = A 1/2 < 0.2, A 7/10 < 0.24, and A 9/10 < 0.09 are presented for period-10 motion only in Fig. 3(vi) , (viii) and (x), respectively. The harmonic amplitude A 3/5 ∈ (0.6, 1.6) is presented in Fig. 3(vii) for symmetric and asymmetric period-5 motions and period-10 motion. In Fig.3(ix) , the harmonic amplitude A 4/5 < 0.5 is for asymmetric period-5 motions and period-10 motion. In Fig.3(xi) , the primary harmonic amplitudeA 1 ∈ (1.0, 1.38) is presented for symmetric and asymmetric period-5 motions and period-10 motion. To save space, other harmonic amplitude will not be plotted. Finally, to show the accuracy tolerance of analytical solution, the harmonic amplitude A 70/10 = A 7 ∈ (5.0 ×10 −6 , 4.5×10 −5 ) is presented in Fig.3(xii) for symmetric and asymmetric period-5 motions and period-10 motion.
The intersections of a specific harmonic amplitude curve in the bifurcation trees are observed. In fact, the intersections present different solutions, which can be distinguished from other harmonic amplitudes and/or harmonic phases. Herein, the harmonic phases for different order harmonics are not presented due to the page limitation of publication and abundant illustrations. For a specific set of parameters, there are multiple different periodic solutions, which are determined by nonlinear algebraic equations.
Numerical illustrations
To illustrate period-m motions in the van der Pol-Duffing oscillator, numerical simulations and analytical solutions will be presented. The initial conditions for numerical simulations are computed from approximate analytical solutions of periodic solutions. In all plots, circular symbols gives approximate solutions, and solid curves give numerical simulation results. The numerical solutions of periodic motions are generated via the symplectic scheme.
An independent period-4 motion is presented in Fig.4 Fig.4(a) and (b), respectively. Four periods in the two plots are labeled. The trajectory in phase plane is presented for 40 periods in Fig. 4(c) . The analytical and numerical results of the stable period-4 motion match very well. The analytical amplitude spectrum is presented in Fig. 4(d) . The main amplitudes are a From the bifurcation tree of period-2 motion to chaos, asymmetric period-2 motion to period-8 motion are presented. To avoid too many illustrations, only trajectories and harmonic amplitude spectrums are presented in From the bifurcation tree of period-5 motion to chaos, the trajectories and harmonic amplitude spectrums for symmetric and asymmetric period-5 motions to period-10 motion are presented in 1, 2, . . . , 17) . On the bifurcation tree of period-5 motion to chaos, the periodic motion changes from the symmetric to asymmetric motion, and the saddle-node bifurcation of the symmetric motion occurs. In Fig. 6(c) and (d) , the trajectory and harmonic amplitude spectrum of a stable asymmetric period-5 motion are presented for = 5.25. The analytic solution of asymmetric period-5 motion also has 35 harmonic terms (HB35), and the corresponding initial condition of (x 0 , y 0 ) ≈ (−1.248010, 6.021840) is computed from the analytical solution. The analytical and numerical results of the stable asymmetric period-5 motion match very well, as shown in Fig. 6(c) . In Fig.6(d) , the analytical harmonic amplitude spectrum is presented, and the main amplitudes are a 0 1.0e-7
1.0e-6
1.0e-5
1.0e-4
1.0e-3
1.0e-2
1.0e-1 
Conclusions
In this paper, the approximate analytical solutions of periodm motions in the periodically forced van der Pol-Duffing oscillator were obtained through the finite Fourier series. The corresponding stability and bifurcation analysis of such approximate solutions in such van der Pol-Duffing oscillator were carried out, and the analytical bifurcation trees of periodic motion to chaos were presented. Numerical illustrations for period-m motions in the periodically forced, van der Pol-Duffing oscillator were completed to verify the approximate solutions. The bifurcation trees of period-m motion to chaos via period-doubling are individually embedded in the quasi-periodic and chaotic motions without period-doubling.
